Actin polymerization is coupled to the hydrolysis of adenosine triphosphate ͑ATP͒ into adenosine diphosphate ͑ADP͒ and inorganic phosphate ͑P i ͒. Therefore, each protomer within an actin filament can attain three different nucleotide states corresponding to bound ATP, ADP/ P i , and ADP. These protomer states form spatial patterns on the growing ͑or shrinking͒ filaments. Using Brownian dynamics simulations, the growth behavior of long filaments is studied, together with the associated protomer patterns, as a function of ATP-actin monomer concentration, C T , within the surrounding solution. For concentrations close to the critical concentration C T = C T,cr , the filaments undergo treadmilling, i.e., they grow at the barbed and shrink at the pointed end, which leads to directed translational motion of the whole filament. The corresponding nonequilibrium states are characterized by several global fluxes and by spatial density and flux profiles along the filaments. We focus on a certain set of transition rates as deduced from in vitro experiments and find that the associated treadmilling ͑or turnover͒ rate is about 0.08 monomers per second.
I. INTRODUCTION
The polymerization of actin monomers ͑or G-actin͒ into actin filaments is important for many biological processes such as cell division, motility, reproduction, and endocytosis. [1] [2] [3] [4] The coupling of this polymerization process to adenosine triphosphate ͑ATP͒ hydrolysis implies that each protomer within an actin filament ͑or F-actin͒ can attain three different nucleotide states corresponding to bound ATP, ADP/ P i , and adenosine diphosphate ͑ADP͒.
Actin filaments are polar and have two distinct ends, a barbed and a pointed end, reflecting the polarity of the actin monomers that attach to both filament ends but do so with different attachment rates. Furthermore, the terminal protomers at the filament ends exhibit different detachment rates corresponding to the three possible nucleotide states of these protomers. [5] [6] [7] Therefore, when the filaments are suspended in a solution of ATP-actin monomers, their growth is governed by two attachment rates and six detachment rates.
Since the attachment rates depend on the concentration C T of free ATP-actin monomers, the growth rates at the two filament ends vary with this concentration as well. For a certain range of concentrations, the filament grows at the barbed end and simultaneously shrinks at the pointed end. The latter process, known as treadmilling or filament turnover, 3, 8, 9 can be viewed as an effective reshuffling of protomers from one filament end to the other end, which leads to a displacement of the whole filament in the direction of the barbed end. Such a directed displacement is only possible because the filament growth is coupled to ATP hydrolysis and because this latter reaction is not in chemical equilibrium with ATP synthesis. At the steady state critical concentration C T = C T,cr , the growth rate at the barbed end is equal to the shrinkage rate at the pointed end, and the treadmilling filament attains a constant average length. 10 In vivo, actin polymerization is a rather complex process with the participation of many other proteins that bind to Gand/or F-actin. Here, we will focus on in vitro experiments that have revealed many fascinating aspects of actin treadmilling 3, 11 which has even been observed for individual filaments, 12 but the molecular mechanisms underlying this process remain to be elucidated.
Previous theoretical work on actin polymerization coupled to ATP hydrolysis was primarily based on rate equations [13] [14] [15] [16] and stochastic simulations. [17] [18] [19] In this article, we use particle-based computer simulations to study actin polymerization and the associated treadmilling process. Relatively short filament segments can be investigated by molecular dynamics simulations, which have shown that electrostatic interactions play a role in guiding the monomers onto the ends of the filament. 20, 21 However, because of their high computational cost, these highly detailed simulations have been limited to actin tetramers. In order to study the growth and treadmilling of long actin filaments, we have developed a Brownian dynamics algorithm that is able to overcome the large separation of time scales between relatively fast monomer diffusion and relatively slow monomer attachment and detachment events. 22 We have previously shown that our approach can be used to study the polymerization and depolymerization of ADP-actin. In the present article, we apply this approach in order to elucidate the coupling between ATP-actin polymerization and ATP hydrolysis.
Several possible mechanisms for the coupling between actin polymerization and ATP hydrolysis have been proposed and studied theoretically: random, 5, 17, 19, 23 vectorial, 16, 19, 24, 25 and cooperative hydrolysis. 19, 24, 26 Here, we consider the simplest mechanism corresponding to random hydrolysis, for which both the ATP cleavage rate and the phosphate release rate are taken to be independent of the local neighborhoods of the corresponding protomers.
Our article is organized as follows. First, we describe our theoretical approach for the different processes involved in actin polymerization coupled to ATP hydrolysis. Second, we simulate ensembles of filaments and determine the overall growth rate of the filament as a function of free ATP-actin monomer concentration C T . We use two different methods to calculate the overall growth rate: ͑i͒ We measure the filament length as a function of time and determine the growth rate from the first derivative of the filament length with respect to time; and ͑ii͒ we determine the average waiting times for attachment and detachment at the two filament ends and express the overall growth rate in terms of these waiting times. From these waiting times, we estimate the treadmilling ͑or turnover͒ rate close to the critical concentration, at which the overall growth rate vanishes. We show that the critical concentration is strongly affected by the P i release rate of ADP/ P i -actin monomers. In addition, we determine a variety of other quantities that are difficult to measure experimentally but provide nontrivial crosschecks on the consistency of our simulations: the probabilities for the terminal protomers to be in the different nucleotide states; the density and flux profiles along the filament; and the average number of ATPactin and ADP/ P i -actin protomers at the two filament ends.
In principle, one should distinguish three different critical concentrations: the critical concentration C T,cr of the whole filament, also called steady state critical concentration, as well as the critical concentrations of the barbed and of the pointed filament ends. However, for the transition rates as reported in Ref. 23 and used here, all rates at the pointed end are much smaller than the corresponding rates at the barbed end, which implies that the values of the three critical concentrations are quite similar, and leads to a rather narrow treadmilling regime close to the critical concentration C T,cr .
II. THEORETICAL APPROACH

A. Basic aspects of coarse-grained description
The different processes involved in actin polymerization coupled to ATP hydrolysis are illustrated in Fig. 1 . The initial filament consists of 200 ADP-actin protomers and is placed in a simulation box that contains a certain concentration C T of freely diffusing ATP-actin monomers. A coarse-grained model is used in which the monomers are constructed from three Brownian particles that are connected into an equilateral triangle. 22 These monomers undergo unbiased diffusion as simulated by Brownian dynamics and can attach to the filament if they enter the conelike capture zones in front of the two filament ends, see Fig. 1 .
As shown in Ref. 22 , the attachment events induced by these capture zones are governed by exponential waiting time distributions and, thus, represent Markov processes, which could also be modeled by a Gillespie algorithm as used, e.g., in Ref. 19 . The explicit description via capture zones has the advantage, however, that it allows us to consider more complex geometries such as filament bundles and/or confining walls, for which some of the filament ends may be partially shielded from the diffusing monomers.
When a monomer binds to the filament, a new ATP-actin monomer is added to the simulation box far from the filament so that the bulk concentration of the free monomers remains constant. After an ATP-monomer has been incorporated into the filament, it is turned into an ATP-actin protomer. Within the filament, the protomers are connected by harmonic bond potentials in such a way that they form a triangular column or stack. The triangular geometry acts to enhance the bending stiffness of the filament, which is incorporated by an additional three-body potential between three adjacent triangles. Thus, the helical ͑or "double-stranded"͒ structure of real F-actin is ignored in the coarse-grained model used here. A more detailed description of the molecular architecture and the different interactions between the Brownian particles has been previously given in Ref. 22 .
Once an ATP-actin monomer has been turned into an ATP-actin protomer, it may be further transformed into an ADP/ P i -actin protomer by ATP cleavage and subsequently into an ADP-actin protomer by P i release. At the barbed and pointed ends, the hydrolysis of the terminal protomers competes with the detachment of these protomers. As in our previous study, 22 the newly detached protomers are removed from the solution in order to avoid too frequent reattachments to the filament. This removal step is related to our rescaling procedure as explained further below.
In the following, we will use the abbreviations T, ⌰, and D for the three species ATP-actin, ADP/ P i -actin, and ADPactin, as well as the superscripts "ba" and "po" for the barbed and pointed ends, respectively. In order to combine two equations that have the same form both at the barbed and at the pointed end, we will also use the superscript ͑␣͒ which has the two values ͑␣͒ = ba and ͑␣͒ = po. . These regions represent capture zones for the diffusing T monomers and determine the attachment rates on,T ba and on,T po for these monomers at the two ends. The T protomers of the filament are transformed into ⌰ protomers with the ATP cleavage rate c , the ⌰ protomers are changed into D protomers with the P i release rate r . The two terminal protomers at the two filament ends can also detach from the filament as illustrated for a T protomer at the barbed end and for a D protomer at the pointed end. Since both terminal protomers can attain three different nucleotide states, one has to distinguish six detachment rates, see text. Table I . As mentioned in Sec. I, we consider "random hydrolysis," for which the rate c for ATP cleavage of a T protomer and the rate r for P i release from a ⌰ protomer are both taken to be independent of the local neighborhoods of the T and ⌰ protomers. The time evolution of the filament is described as a continuous-time Markov process. 27 In order to define the corresponding transitions, we must distinguish the two terminal protomers at the barbed and pointed ends from all the other, internal protomers as well as the different nucleotide states of both terminal and internal protomers.
B. Transition rates and filament dynamics
Internal D protomers remain unchanged whereas internal T protomers are transformed into ⌰ protomers, during the time step ⌬t, with the cleavage probability P c = f͑ c ͒ and f͑z͒ϵ1 − exp͓−z⌬t͔. Likewise, internal ⌰ protomers are transformed into D protomers with the phosphate release probability P r = f͑ r ͒. Terminal D protomers at the barbed end detach with probability P off,D ba = f͑ off,D ba ͒, which is governed by the detachment rate off,D ba . Terminal T protomers at the barbed end can detach from this end or can be cleaved: They are cleaved with probability P c ba = f͑ c + off,T ba ͒ c ba , which depends on the cleavage rate c , on the detachment rate off,T ba , and on the transition probability c ba ϵ c / ͑ c + off,T ba ͒, and detach with probability P off,T ba = f͑ c + off,T ba ͒͑1 − c ba ͒. Terminal ⌰ protomers at the barbed end can detach from this end or be transformed into D protomers: They are transformed with probability P r ba = f͑ r + off,⌰ ba ͒ r ba , which depends on the P i release rate r , on the detachment rate off,⌰ ba , on the transition probability r ba ϵ r / ͑ r + off,⌰ ba ͒, and detach with probability P off,⌰ ba = f͑ r + off,⌰ ba ͒͑1− r ba ͒.
The time evolution of the terminal protomers at the pointed end is described by completely analogous expressions. Most simulations reported in this article have been performed using the release rate r = 0.003/ s as measured in Ref. 25 both for the terminal and for the internal ⌰ protomers. It has been recently argued, however, that the P i release rate for a terminal ⌰ protomer may be different from and much larger than the one for an internal ⌰ protomer. Therefore, in some simulations, we used a different value for the terminal ⌰ protomers. The latter value will be explicitly indicated by the symbol r ͑1͒.
C. Detailed balance in the absence of hydrolysis
We will focus on the in vitro system in Ref. 23 and, except for the rate off,T po , use the attachment and detachment rates as summarized in Table I of this reference. This in vitro system corresponds to Mg-ATP-actin purified from rabbit skeletal muscle and polymerized in a physiological buffer. The detachment rate off,T po , on the other hand, which governs the detachment of T protomers from the pointed end, is chosen in such a way that detailed balance is satisfied in the absence of ATP hydrolysis, compare Ref. 22 , in which the same procedure was used for polymerization of ADP-actin monomers. The detailed balance condition implies off,T po = off,T ba on,T po / on,T ba .
D. Simulation parameters
In order to obtain a well-defined ensemble of growing ͑or shrinking͒ filaments, all filaments are taken to consist of 200 D protomers at the initial time t = 0 in the cuboidal simulation box of constant volume V =30ϫ 30ϫ 400͑r 0 ͒ 3 , where r 0 is the basic length scale, which is about 5 nm and corresponds to twice the projected length of one actin protomer. 22 As far as the time scales are concerned, we start from the diffusion of single monomers and then use the rescaling procedure introduced in Ref. 22 . First, we define our basic time scale t sc to be equal to the typical time, during which a single monomer in solution undergoes the displacement r 0 by diffusive motion. This implies that t sc = r 0 2 / D Ӎ 0.8 s with the bulk diffusion constant D Ӎ 10 −7 cm 2 / s of free actin as measured in vitro. 28 The integration time step ⌬t for the Brownian dynamics is then taken to be ⌬t ϵ 10 −3 t sc Ӎ 0.8 ns.
E. Rescaling procedure
Without any rescaling procedure, a rather long simulation of 2.5ϫ 10 8 time steps would correspond to 200 ms in real time. The latter time is smaller than the average time between two detachment or attachment events at the two filament ends if the actin concentration is about 0.1 M, i.e., of the order of the steady state critical concentration as experimentally determined in Refs. 3 and 5. In order to overcome this large separation of time scales between relatively fast monomer diffusion and relatively slow monomer attachment and detachment events, all attachment and detachment processes are speeded up by the same dimensionless factor b. Thus, in the simulations, we use rescaled attachment and detachment rates on ͑␣͒ ϵ b on ͑␣͒ and off ͑␣͒ ϵ b off ͑␣͒ . As explained in Ref. 22 , our rescaling procedure is defined in such a way ͑i͒ that the ratio of the rescaled attachment rate constants on is equal to the ratio of the measured attachment rate constants on , and ͑ii͒ that the size of the capture zones at the two filament ends is comparable to the size of a free actin monomer. These two requirements imply that we increase the actin monomer concentration C T by a certain rescaling factor b C and use the rescaled concentration Ĉ T ϵ b C C T in the simulations. In the present study, the rescaling factors had the values b = 5000 and b C = 812.
As far as filament polymerization and depolymerization are concerned, the real system at time t then corresponds to the simulated system at time t= t / b. The only drawback of this rescaling procedure is that the diffusive motion of the actin monomers is now too slow compared to the attachment and detachment processes, which imply that newly detached monomers would reattach too frequently to the filament. In order to avoid these enhanced reattachment events, we remove the newly detached monomers from the solution 22 which also ensures that the monomer concentration remains unchanged.
III. RESULTS AND DISCUSSION
Because of the stochastic nature of the different processes involved in the coupling of actin polymerization and ATP hydrolysis, rather long simulations are required in order to estimate the different quantities in a reliable way. Indeed, the average quantities discussed in this section have been typically obtained by averaging over an ensemble of many filaments, each of which has been simulated for more than 2 ϫ 10 8 time steps.
A. Growth rates and concentration regimes
First, we consider the overall growth rate J g of a filament. This quantity represents the average number of monomers, by which the filament length L is increased per unit time. Therefore, this growth rate can be determined from the relation J g = d dt ͗L͘ by measuring the average filament length ͗L͘ as a function of time t. This method has been used to obtain the functional dependence of J g on the free actin concentration C T as shown in Fig. 2 . In this figure, each data point depicted as a black square has been calculated by averaging over 20 growing filaments. The same figure also displays another set of data points, the red stars, which were obtained by measuring the average binding and unbinding times at the two filament ends, see further below. Inspection of Fig. 2 shows that the rate J g is negative for small C T , positive for large C T , and vanishes at the critical concentration C T = C T,cr . The latter concentration is often called the steady state critical concentration 3 because the filament attains a constant average length at C T = C T,cr . The data obtained via J g = d dt ͗L͘ lead to the estimate C T,cr Ӎ 0.064 M, see Fig. 2 , for the transition rates in Table I . This value for the critical concentration is consistent with the experimentally determined values as reported in Refs. 3 and 5.
The overall growth rate J g can be decomposed into two contributions from the two filament ends according to
Both growth rates J g ba and J g po are measured in units of monomers per second or mon/s. Depending on the free actin monomer concentration, each of these rates can be positive or negative corresponding to a growing or shrinking filament end. At the critical concentration, C T = C T,cr with J g = 0, one has J g ba =−J g po . For C T Ͻ C T,cr , the overall growth rate J g is negative whereas it is positive for C T Ͼ C T,cr .
In general, the growth rate J g ba of the barbed end may be positive or negative at the critical concentration C T = C T,cr . For the transition rates as given in Table I , we conclude from our simulations that J g ba is positive at C T Ӎ C T,cr , which implies that the barbed end grows whereas the pointed end shrinks. The low concentration regime C T Ͻ C T,cr is then further subdivided into two subregimes by a second critical concentration, C T,cr ba , at which the growth rate J g ba of the barbed end vanishes. In the subregime with C T Ͻ C T,cr ba , both the pointed and the barbed end are shrinking, although with different rates. Indeed, for very low concentrations, the filament consists only of D protomers and the barbed end is shrinking with the detachment rate off,D ba = 5.4/ s while the pointed end is shrinking with the relatively small rate off,D po = 2.5/ s. In the subregime with C T,cr ba Ͻ C T Ͻ C T,cr , the filament still undergoes treadmilling in the sense that the barbed end grows and the pointed end shrinks but the pointed end shrinks faster than the barbed end grows.
Likewise, the high concentration regime C T Ͼ C T,cr is also subdivided into two subregimes by a third critical concentration, C T,cr po , at which the growth rate J g po of the pointed end vanishes. For C T,cr Ͻ C T Ͻ C T,cr po , the barbed end grows and the pointed end shrinks but the barbed end grows faster than the pointed end shrinks. Finally, for C T Ͼ C T,cr po , both filament ends exhibit a positive growth rate. Indeed, for very high concentrations, the terminal protomers are in the T state and the barbed end grows with the attachment rate on,T ba = ͑11.6/ s͒ ϫ ͑C T / M͒ while the pointed end grows with the attachment rate on,T po = ͑1.3/ s͒ ϫ ͑C T / M͒. Therefore, for the transition rates in Table I , the overall growth rate J g of the filament is dominated by the growth FIG. 2 . The overall growth rate J g as a function of free actin concentration C T . The two different sets of data have been obtained by measuring the average filament length ͑black squares͒ and the average waiting times between successive attachment and detachment events ͑red stars͒ as explained in the text. The transition rates are the same as in Table I. rate J g ba of the barbed end both for shrinking filaments at low concentrations, for which J g ba Ͻ 0, and for growing filaments at high concentrations, for which J g ba Ͼ 0. In fact, our simulations show that ͉J g ba ͉ ӷ ͉J g po ͉ for all concentrations apart from a small concentration regime around the critical concentration C T,cr .
This asymmetry between the barbed and the pointed end also implies that the barbed end critical concentration C T,cr ba and the pointed end critical concentration C T,cr po have numerical values that are quite close to the value of the steady state critical concentration C T,cr Ӎ 0.064 M. Indeed, our simulations lead to the estimates C T,cr ba Ӎ 0.063 and C T,cr po Ӎ 0.072. This similarity of the critical concentrations at the two ends has also been observed in the stochastic simulations of Ref. 17 .
B. Treadmilling rate: Single filament simulations
The growth rates J g ba and J g po at the two filament ends are intimately related to the average velocities ͗v ba ͘ and ͗v po ͘ of these two ends. We use the convention that the velocity ͗v ba ͘ and the growth rate J g ba of the barbed end have the same sign, while the velocity ͗v po ͘ and the growth rate J g po of the pointed end have opposite signs. Thus, in the concentration regime C T,cr ba Ͻ C T Ͻ C T,cr po , the velocities of both ends are positive corresponding to a growing barbed end and a shrinking pointed end. The treadmilling velocity v tm is then given by
which is also positive in the whole treadmilling regime with C T,cr ba Ͻ C T Ͻ C T,cr po . Since the protomer extension parallel to the filament is r 0 / 2 as in Ref. 22 , the average velocities of the filament ends can be estimated by ͗v ba ͘ӍJ g ba r 0 / 2 and ͗v po ͘Ӎ−J g po r 0 / 2, where we have ignored small corrections arising from the translational diffusion and the shape fluctuations of the filament. This implies that the treadmilling velocity can also be estimated by v tm Ӎ J tm r 0 / 2 with the treadmilling rate J tm defined by
which is again positive for C T,cr ba Ͻ C T Ͻ C T,cr po . One example for treadmilling as observed in the simulations for free actin concentration C T = 0.064 M, close to the critical concentration C T,cr , is shown in Fig. 3 . The filament length L strongly fluctuates with time t but its average value is approximately constant. In contrast, the positions of the two filament ends both move, on average, toward positive x-values, see Fig. 3 . For the two trajectories displayed in this figure, the average velocities ͗v ba ͘ and ͗v po ͘ of the two filament ends are roughly equal to ͗v ba ͘Ӎ͗v po ͘Ӎ0.035r 0 / s. Using the expression ͑2͒, we then obtain the rough estimates v tm Ӎ 0.035r 0 / s for the treadmilling velocity and J tm Ӎ 0.07 mon/ s for the treadmilling rate, where mon/s stands for "monomers per second."
The time interval of 1400 s as depicted in Fig. 3 corresponds to a rather long simulation time of 3.5ϫ 10 8 time steps ⌬t. As shown in this figure, treadmilling implies a random walk of the filament length characterized by large excursions from the average value ͗L͘. Averaging over more than ten trajectories as shown in this figure, the growth rate J g is estimated to be J g = d dt ͗L͑t͒͘ Ӎ 0.015 mon/ s for C T = 0.064 M.
C. Treadmilling rate: On-off statistics at filament ends
The attachment and detachment events at the ͑␣͒ end of the filament can also be characterized by the average attachment and detachment times, on ͑␣͒ and off ͑␣͒ . These time scales are obtained from histograms as in Fig. 4 . The latter example corresponds to free actin concentration C T = 0.064 M close to the critical concentration C T,cr . The left panels in Figs. 4͑a͒ and 4͑b͒ show the measured attachment times t on ͑␣͒ between two successive attachment events at the barbed and pointed end; the right panels the measured detachment times t off ͑␣͒ between two successive detachment events at these two ends. The average attachment times on ͑␣͒ = ͗t on ͑␣͒ ͘ and the average detachment time off ͑␣͒ = ͗t off ͑␣͒ ͘ are then calculated in two ways: ͑i͒ by direct summation over the histograms and ͑ii͒ by exponential fits to these histograms. For simplicity, we fitted the data to single exponentials even though the detachment events involve several time scales. In this way, we obtain the estimates on ba = 1.34Ϯ 0.03, off ba = 1.59Ϯ 0.06, on po = 11.2Ϯ 0.6, and off po = 7.4Ϯ 2.1 for the data in Fig. 4 corresponding to C T = 0.064 M. The value for the average detachment time off po has a relatively large error reflecting the noisy data in Fig. 4͑b͒ .
From the attachment and detachment times, we can calculate the growth rates J g ba and J g po of the two filament ends via
as well as the overall growth rate J g = J g ba + J g po as in Eq. ͑1͒ and the treadmilling rate J tm = Table I , the free actin concentration is C T = 0.064 M close to the critical concentration C T,cr .
way, we obtained the J g -values corresponding to the red stars in Fig. 2 . For C T = 0.064 M, the average waiting times deduced from the data in Fig. 4 lead to the overall growth rate J g Ӎ 0.06 mon/ s and the treadmilling rate J tm Ӎ 0.08 mon/ s.
D. State probabilities of terminal protomers
In the steady state, each end of a growing filament can be characterized by the three probabilities P T ͑␣͒ ͑1͒, P ⌰ ͑␣͒ ͑1͒, and P D ͑␣͒ ͑1͒ that the terminal protomer at the ͑␣͒ end is in its T, ⌰ and D state, respectively. 19 As shown in Fig. 5 , these probabilities exhibit a strong dependence on the free actin concentration C T . In the limit of large C T , the filament grows continuously at both ends, and the terminal protomers represent recently attached T monomers, which leads to P T ͑␣͒ ͑1͒ Ϸ 1 for large C T . For small actin concentration C T , on the other hand, the depolymerizing filament consists only of D protomers, which imply that P D ͑␣͒ ͑1͒Ϸ1 for small C T . Since P D ͑␣͒ ͑1͒ + P ⌰ ͑␣͒ ͑1͒ + P D ͑␣͒ ͑1͒ = 1, the probability P ⌰ ͑␣͒ ͑1͒ to find a terminal protomer in the ⌰ state must vanish both for small and for large C T and, thus, must have a maximum at an intermediate C T -value. This nonmonotonic behavior of P ⌰ ͑␣͒ ͑1͒ is clearly visible in Figs. 5͑a͒ and 5͑b͒ , which display the data for the barbed and pointed end, respectively. In both cases, the concentration, at which P ⌰ ͑␣͒ ͑1͒ attains its maximum, is close to the critical concentration C T,cr ͑␣͒ of the ͑␣͒
end.
If the concentration exceeds the critical concentration C T,cr Ӎ 0.064, the probabilities P D ba ͑1͒ and P D po ͑1͒ to find the terminal protomers at the barbed or pointed end in the D state are quite small as shown in Fig. 5 . Below the critical concentration, the probabilities P D ͑␣͒ ͑1͒ increase monotonically with decreasing C T and attain the limiting value P D ͑␣͒ ͑1͒ = 1 for C T = 0. Therefore, the detachment rate of the D protomer is expected to have only a small influence on the value of the critical concentration. This expectation was confirmed by three sets of simulations corresponding to three different values of the detachment rate off,D ba of the D protomer at the barbed end as shown in Fig. 6 .
E. Phosphate release from terminal protomers
It has been recently argued 23 that the P i release rate r for a terminal ⌰ protomer satisfies r Ն 2 / s, which is much larger than the P i release rate r = 0.003/ s for an internal ⌰ protomer. In order to study the effect of increased P i release from the terminal protomers, we have performed simulations for three different cases: ͑I͒ Both internal and terminal protomers have the same P i release rate r = 0.003/ s; ͑II͒ The release rate r = 0.003/ s for an internal protomer but r ͑1͒ =2/ s for a terminal protomer; and ͑III͒ Both terminal and internal protomers are characterized by r =2/ s. The corre- Table I. sponding data for the overall growth rate J g are displayed in Fig. 7 , which shows that the critical concentration C T,cr varies from the value C T,cr Ӎ 0.06 M for case ͑I͒ over C T,cr Ӎ 0.13 M for case ͑II͒ to C T,cr Ӎ 0.17 M for case ͑III͒. This shift of the critical concentration can be understood as follows.
First, we note that the growth rate J g ͑␣͒ of the ͑␣͒ end is directly related to the probabilities P Y ͑␣͒ ͑1͒ with Y = T , ⌰, and D and can be expressed as
where the summation runs over the three nucleotide states Y = T , ⌰, and D. The first term proportional to C T represents the attachment flux onto the filament end ͑␣͒ whereas the second term corresponds to the total detachment flux from this filament end. At the critical concentration, the overall flux vanishes, i.e., J g ba + J g po = 0. Using relation ͑5͒, this flux balance attains the form
The sum on the right hand side of this equation represents the total detachment flux of protomers from both ends of the filament. Next, let us consider case ͑I͒ at the corresponding critical concentration C T,cr = C T,cr ͑I͒ . Such a system is characterized by large probabilities P ⌰ ͑␣͒ ͑1͒ to find the terminal protomers in the ⌰ state but small probabilities P D ͑␣͒ ͑1͒ to find them in the D state, see Fig. 5 . If we now increase the P i release rates r of the terminal protomers, these protomers are more likely to be in the D state, i.e., we increase the probabilities P D ͑␣͒ ͑1͒
and decrease the probabilities P ⌰ ͑␣͒ ͑1͒. Since off,D ͑␣͒ ӷ off,⌰ ͑␣͒ both at the barbed and at the pointed end, see Table I , the change in the total detachment flux on the right hand side of Eq. ͑6͒ is dominated by the increase of P D ͑␣͒ ͑1͒, which implies an increasing total detachment flux and a shrinking filament. Therefore, we conclude that an increase in the release rates r for the terminal protomers leads to an increase in the critical concentration.
F. Steady state protomer patterns
If we follow the time evolution of this growing filament for a sufficiently long time, the protomer pattern at the ͑␣͒ end attains a steady state as described by three timeindependent density profiles P T ͑␣͒ ͑x ␣ ͒, P ⌰ ͑␣͒ ͑x ␣ ͒, and P D ͑␣͒ ͑x ␣ ͒ where the spatial coordinate x ␣ measures the distance from the ͑␣͒ end at x ␣ ϵ 1 in units of the projected protomer length. 19 Thus, in order to determine the steady state protomer pattern at the ͑␣͒ end, we need to use a comoving coordinate system, in which the terminal protomer at the ͑␣͒ end has a fixed position. At the critical concentration C T,cr , the average velocity of the pointed end, ͗v po ͘, is equal to the average velocity of the barbed end, ͗v ba ͘, see Fig. 3 . We can then observe the steady state protomer patterns at both ends simultaneously using a coordinate system that moves with constant velocity ͗v ba ͘ = ͗v po ͘. More precisely, we can determine these patterns if the filaments are sufficiently long, and one can ignore the overlap of the protomer density profiles from the two ends.
For monomer concentrations C T that exceed the critical concentration C T,cr , the average length of the filament grows and the barbed end moves faster than the pointed end, i.e.,. ͗v ba ͘ Ͼ ͗v po ͘. In this case, we have to use two different comoving coordinate systems in order to observe the steady state protomer patterns at the two filament ends. Finally, for C T Ͻ C T,cr , the average filament length shrinks and the protomer density profiles will always start to overlap eventually. Therefore, in the latter case, the protomer patterns at the two filament ends cannot attain a true steady state.
Since we started from a certain initial pattern, in which all protomers are in the D state, we had to perform sufficiently long simulation runs in order to reach the steady state protomer patterns at the two filament ends. One example for the protomer density profiles obtained in this way is displayed in Fig. 8 corresponding to C T = 0.064 M, which is close to the critical concentration C T,cr . As shown in this figure, the steady state protomer pattern is characterized by a very short T cap and an extended ⌰ segment at the barbed end as well as some intercalated ⌰ protomers at the pointed end. As one increases the free actin concentration C T , the protomer density profiles attain longer T caps and even more extended ⌰ segments but still exhibit the same qualitative features as those visible in Fig. 8 . Table I. FIG. 7. Overall growth rate J g as a function of free actin concentration C T for three different choices of the P i release rates r and r ͑1͒, which govern the internal and terminal ⌰ protomers, respectively. The values of all other transition rates are in Table I .
Using the density profile P T ͑␣͒ ͑x ␣ ͒, one can obtain the average number ͗N T ͑␣͒ ͘ of T protomers at the ͑␣͒ end via
where the summation extends up to x ␣ -values for which P T ͑␣͒ ͑x ␣ ͒ has essentially decayed to zero. Likewise, the average number ͗N ⌰ ͑␣͒ ͘ of ⌰ protomers at the ͑␣͒ end is given by
where the summation extends up to x ␣ -values for which P ⌰ ͑␣͒ ͑x ␣ ͒ has essentially decayed to zero. Using the expressions ͑7͒ and ͑8͒ for the density profiles as shown in Fig. 8 
G. Flux balance relations
In addition to the density profiles P Y ͑␣͒ ͑x ␣ ͒, the steady state of the two filament ends can also be characterized by the flux profiles j c ͑␣͒ ͑x ␣ ͒ for ATP cleavage and j r ͑␣͒ ͑x ␣ ͒ for P i release. For random cleavage and release processes as considered here, these flux profiles can be expressed in terms of the density profiles P T ͑␣͒ ͑x ␣ ͒ and P ⌰ ͑␣͒ ͑x ␣ ͒ for T and ⌰ protomers. Indeed, the ATP cleavage flux profile has the form
and the P i release flux profile is given by
These flux profiles can be used to calculate the total ATP cleavage flux
and the total P i release flux
at the ͑␣͒ end of the filament. Inserting the expressions ͑9͒ and ͑10͒ for the flux profiles into the expressions ͑11͒ and ͑12͒, respectively, as well as using the relations ͑7͒ and ͑8͒ for the average numbers of T and ⌰ protomers, we obtain the two flux balance relations
for the total cleavage flux J c ͑␣͒ and the total P i release flux J r ͑␣͒ at the ͑␣͒ end.
In the steady state, the total cleavage flux J c ͑␣͒ and the total P i release flux J r ͑␣͒ at the ͑␣͒ end must satisfy the flux balance condition
Using this latter condition together with Eq. ͑13͒, one obtains the relation 
IV. CONCLUSIONS
In summary, we have presented the first particle-based computer simulations of ATP-actin polymerization and of the associated treadmilling process. For the transition rates as given in Table I , which satisfy detailed balance in the absence of ATP hydrolysis, the steady state critical concentration was found to be C T,cr Ӎ 0.064 M, see Fig. 2 . This value is consistent with the experimentally deduced value C T,cr Ӎ 0.1 M as reported in Refs. 3 and 5. We were also able ͑i͒ to observe the treadmilling process in long simulation runs as shown in Fig. 3 and ͑ii͒ to estimate the corresponding treadmilling ͑or turnover͒ rate from the on-off statistics at the two filament ends, see Fig. 4 , which leads to the value J tm Ӎ 0.08 mon/ s for C T = 0.064. This value for J tm corresponds to the turnover of a 2.4 m long filament in 3 h. This value is rather small but consistent with the treadmilling rate J tm Ӎ 0.1 mon/ s as deduced from the experiments in Ref. 29 .
Furthermore, we investigated several other quantities and relations that are difficult to study experimentally but Table I ; the free actin concentration is C T = 0.064 M.
provide nontrivial crosschecks on the consistency of our simulations: ͑i͒ the probabilities for the terminal protomers at the two filament ends to be in different nucleotide states, see Fig. 5 ; ͑ii͒ the density and flux profiles along the filament, see Fig. 8 as well as relations ͑9͒ and ͑10͒; ͑iii͒ the average numbers of ATP-actin and ADP/ P i -actin protomers as found at the two filament ends in the steady state, which can be calculated via the expressions ͑7͒ and ͑8͒; and ͑iv͒ the flux balance relation ͑15͒.
We have also studied the dependence of the steady state critical concentration C T,cr on the detachment rate off,D for D protomers at the barbed end, see Fig. 6 , as well as on the P i release rate r , see Fig. 7 . We found that the critical concentration C T,cr is hardly affected when the detachment rate off,D is varied from 2.2 to 7.2 mon/s. On the other hand, if we use the enhanced P i release r ͑1͒ =2/ s for the terminal protomers as proposed in Ref. 23 , we find that the value of the critical concentration is increased from C T,cr Ӎ 0.06 M to 0.13 M, see Fig. 7 .
Our particle-based simulation approach can be extended to study a variety of more complex systems. One interesting target for future simulation studies is provided by the activity of actin-binding proteins such as actin depolymerization factor, which is known to increase the polymerization from pointed end and to enhance the treadmilling rate by a factor of about 25. 29 Likewise, our simulation approach can be used to study the influence of external forces on growing filaments or filament bundles as well as the confining effects of walls and more complex geometries, for which some of the filament ends may be partially shielded from the diffusing monomers.
